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Let V he a. smooth projective variety of dimension n. One may say that V has 
motivic dimension less than d + 1 if the cohomology of V comes from varieties of 
dimensions less than d + 1 in some geometric way. More precisely, we say that 
V has motivic dimension less than + 1 if there exists a (nonconnected) smooth 
projective variety W of dimension less than d + 1 and an algebraic correspondence 
T onW X X such that T induces a surjection H*(W) H*{V). 

Suppose the Generalized Hodge conjecture(GHC) ([G],[L]) holds for V and sup- 
pose the level of V is less than I (i.e. \eve\{H^{V)) < I for all i). This implies 
that V has a motivic dimension less than I . Conversely, if V has motivic dimension 
less than d + 1, i.e. there is a smooth projective variety W of dimension less than 
d + 1 and a surjection : H*{W) H^''{V) induced by a correspondence F on 
W X X, then the level of the Hodge structure H"{V) is less than d + 1 because 
a morphism of Hodge structures preserves the level. The existence of W does not 
imply that the GHC holds for V of course, because the dimension of the variety 
W is not small enough to conclude the GHC for V. However, this gives a way to 
reduce the GHC for V to the GHC for W, the variety with the smaller dimension. 
And we think that this can be a practical intermediate step for checking GHC for 
a smooth projective variety. 

For a smooth complete intersection of k quadrics V — QiCi- ■ -DQk in P"+''', it can 
be checked that the level of the Hodge structure H'"-{V) is less than k (for example 
by checking Hodge number of it). In this paper, we show that a smooth complete 
intersection of k quadrics in has motivic dimension less than k (Theorem ll.2l) . 
As a corollary of this, we get the Hodge conjecture for V holds if fc < 4. 

A brief outline of the proof of main theorem is as follows. By using the constuc- 
tion in [O], we form a family of quadrics parametrized by p'''^^ with the base locus 
V. In case when n + k is odd, this is a family of even dimensional quadrics. Then we 
use the fact that an even dimensional quadric contains two irreducible families of 
linear spaces of the expected dimension, and we choose to be a double covering 
of P"+'= . In the case when n + fc is even, then quadrics in the original family are odd 
dimensional. So in order to find W, we pass to the family of singular fibers over 
the discriminant variety which can be understood as a family of quadrics of even 
dimension. Then we form a double covering of the discriminant variety to find W. 

All varieties in this paper will be defined over C and the cohomology without 
coefficient would be the singular cohomology with rational coefficient. 

I would like to express my thanks to Professor Donu Arapura for suggesting 
me to look at this problem and for his encouragement. The definition of motivic 
dimension is due to him. 
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1. Main Theorem 

Let V = Qi n • • • n Qk be a smooth complete intersection of k quadrics in a 
projective space P"+'^. Then F is a smooth subvariety of P"+'^ of dimF — n. 
Consider the family of quadrics Qt {t E P'^^^) with the base locus V. We can give 
more precise description of this family. Let Qi = {Fi = 0} for Z = 1, • • • , fc, where 
Fi{xo, xi,--- , Xn+k) = Y17,t=o <ijXiXj^ [4j]o<i,j<n+k is a Symmetric {n + k + 1) x 
(n + fc + 1)— matrix. Then for a general t = {to, ...,tk~i) G P'^""'^, the fiber Qt is given 
by the equation J2'i=o ti^i+ii^o^ ■■■iXn+k) = 0. Let A c P*^"! be the subvariety of 
P*^"^ parametrizing all singular fibers in the family. Then A is a h}rpersurface in 
P*^"^ of degree n + k + 1. We assume that A is smooth. Set 

X = {{t,x)e P'=-^ X P"+'= \xeQtC P"+'=} c P'=-^ X P"+'= 

and let pi : X ^ pfe-i ^jj^j p2 : X ^ pn+fc projections. Note that X is a smooth 
projective variety of dimension n + 2k — 2. 

(1) X ^ P"+'= D V 

p/s— 1 

Let ix -.X ^ P'=-i X P"+'= and iv --V ^ P"+'= be inclusions. Then by Lefschetz 
theorem, the restriction maps i*^ : i/"+2fe-2(pft-i x p»+'=) ^ iI"+2*-2(X) and 
: iJ"(P"+fc) ^ H"{V) arc injections. Set 

= if"+2'=-2(X)/im i*x 

and 

H^iV) = H"{V)/im i*y 

RemEir k 1.1. In fact, 

Jyn+2fc-2.^^ ^ i H^+^''-\{V>'-' X P"+'=) - X) ifn is eveu 
V ) \Hn+2k-2^x) ifn is odd 



ifn is odd 



and 

HSiV) = 

as Hodge structures. 

Now wc can state our main theorem precisely: 

Theorem 1.2. Let V be a smooth complete intersection of k quadrics in P"+'=. 
Then V has motivic dimension less than k. More precisely, there is a smooth 
projective variety W of dimension k — 1 (resp. k — 2) and surjection of rational 
Hodge structures 

e : H''-\W){-q) H'\V) ifn is odd and k is even 

{resp. e : H''-^{W){-q) H"^{V) ifn is odd and k is odd) 
where q = "■-^+'^ (resp. a^^kllj and W is a disjoint union of finitely many copies 
ofW, 
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where qr = and Ij. are positive integers given by explicit formula. 

We will prove this theorem by considering two cases depending on the parity of 
71 + fc in the last two sections. One immediate corollary of this theorem is 

Corollary 1.3. If k < A, then Hodge conjecture holds for V . 

2. Intermediate step 
Consider the projection p2 X ^ pn+fe^ Note that for any q — {qo, ...,qn+k) £ 

pn+fe _ Y 

P2\q) = {{t,q)eP''''xP^+>^\qeQt} 

t = {to, ■ ■ ■ ,tk-i) e P'=-i I E E ]ti = o\^ P"-' 

1=0 \i,j=0 J J 

and for any q £V , 

p^\q) = {{t,q) G P'^-l X P"+'= I g e QJ = P'^-l X {q} 

since V is the base locus of the family. Hence we have the following diagram, which 
we will use throughout this section: 

(2) (P"+'= - y) X P'=-2C ^ X - X V 



P2 



P2 



P2 

pn+fc _ yC ^ pn+fc ^ 

Lemma 2.1. 

dimiJo"(F) = dimi7^'+2'=-2(x) 
Proof. From the diagram we get 

(3) x{X) = ik-l)in + k + l) + x{V) 

Since X is a very ample divisor in P''"^! x P"+'= and 1^ is a smooth complete 
intersection in P"+'^', by Lefschetz Theorem we have 

for any i < dimX = n + 2fc — 2 and j < dim V = n. 
(Case 1) If n is even : then we have 

n-l 

X{V) - 2j2{-'^)MV) + bn{V)^n + b^{V) 

i=0 
n+2k-3 

X{X) = 2 J2 {-l)MX) + br,+2k-2{X) 

4=0 

k{k + l) , n-2\ ^ 



2 2 

= nk + k'^ - k + bn+2k-2iX) 
Therefore by ^ we get 

nk + k^ -k + bn+2k-2iX) = (fc - l)(n + fc + 1) + n + 6„(y) 
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i.e. 

b^+2k-2{X) ^ bn{V) + k ~ 1 

Note that 
and 

dimiJJ(y) = bn{V) - dimiJ"(P"+'=) = bn{V) - 1 

therefore we get 
in this case. 

(Case 2) If n is odd : then by the similar calculation, we get 

X{X) ^nk + k^- bn+2k-2iX), xiV) = (n + 1) - b„{V) 
Then, again by Q 

nk + k^~ b„+2k-2{X) = (fc - l)(n + fc + 1) + (n + 1) - b„{V) ^ nk + P - 
i.e. 

bn+2k-2{X) = bn{V) 

Hence, we get 

dimiJj+2'='2(^) ^ dimi7"+2'=-2(X) = dimff"(l^) = dimH^iV) 
in this case also, which finishes the proof of the Lemma. □ 

Set E = P'=-i X V C X. Then we have a P*--! -bundle p2 : E ^ V. Let 
iE : E ^ X he an inclusion. Then we have the following of morphism of Hodge 
structures 

where is* : H"{E) H'^+'^''-'^{X) is the Gysin map. (Note that codim(£;,X) = 
fc - 1) 

Theorem 2.2. <j) : i?"(V') iJ"+^'^^^(X) induces a morphism 

^ : H'a\V)i-k + 1) ^ 

which is an isomorphism of rational Hodge structures. 

Proof. First wc prove that the induced morphism 

: H'^iV) ^ iJo"+2'=-2(X) 

is well-defined. In the case when n is odd, then (j) ~ (j), hence the morphism 
is well-defined. In case when n is even, it is enough to show that (j)(im iy) C 
im i*x. Let [E] e _ff^'''~^(X) be the fundamental class of E. Note that i'^ : 
jj2k-2^pk-i ^ pn+fc^ _^ H^''^^(X) IS an isomorphism by Lefschetz theorem since 
2fc - 2 < dimX = n + 2fc - 2. Hence there is 7 G H'^k-2(jpk-i ^ ^n+k-^ ^^^-^ ^^^^^^^ 
i*x{-f) = [E]. In fact, we can write 7 = [P'^-i x S] where [S] e ij-2fc-2(pn+fe) g^^j^ 
that 

(4) (7) ^[xn {p''-^ X s*)] = [p'^-i X 



HODGE STRUCTURE OF A COMPLETE INTERSECTION OF QUADRICS IN A PROJECTIVE SPACE 



To show this, we consider the following commutative diagram: 




Since 7 € ff2fc-2(-pfc-i ^ pn+fc)^ may write 7 = E«Lo x b.L''-^-'], where 

if*(resp. L-') is a linear space in P'^~^(resp. P"+'^) of codimension i(resp. j) By 
commutativity of the diagram, we have 

fc-i 

[p'^-i X = ixM = ixJ*x{l) = 7 U [X] = ^[(ai^T^ x hL''-'-') n X] 
Hence aj = for « ^ 0, since Q pfc-i for i ^ and then this forces bi = for 



i since \biV'-^-'-\ ^ iJ2fc-2( 



i+fc-) for j > 0. Hence 



7 = 



We take S to be 60-^*' ^ and we will use this 5 later. 
Now consider the following diagram: 



(5) H^iV) 



H^+2k-2(^X) 



(1) 



E 




X and ix '■ X 



pfc-l X pn+fe g^j.g 



jjn/'pn+fe'j ^ jjnr-pk-1 y pn+/c\^. 

where 

(1) Je : E ^ P*^-i X P"+'=, : £ 
inclusions, 

(2) pr2 : P'^""^ X P"+'= —>■ p"+fe is the projection to the second factor, 

(3) $ : ^"(P'^-i x P"+'=) H"+2fe-2(pfc-i X P"+fe) is defined by = aU-y. 
Commutativity of (//) and (///) are clear and commutativity of (/) follows from 
the following commutative diagram: 



£; = V X If 

P2 



-1 X ]pn+k 



pr2 
^n+k 



We show the commutativity of {IV). Let a € H 



n /•mfe— 1 



X 



i*x0^a)=i*x{aU-f)=i*x{a)Ui*x{-f)=i*x{a)U[E] 
by the definition of 7. Hence (/T^) commutes. Therefore we have 

(f> o iy ^ i*^ o ^ o pr^ 

and hence (^(im iy) C im i*^ and </) induces a well-defined morphism : Hq{V) 
Hn+2k-2^j^^ in this case also. 
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To show that (j) is an isomorphism, note that we have 

(6) ^ (H'^iy) ® ij°(p'^-i)) © |^0ij"-2'(p"+'=) ® i/2i(pfc-i)j 

by the Kiinneth formula and Lefschetz theorem. 

(Case 1) If n is odd : in this case (j> = (j) and we show that (p ~ iE*°P2 is surjective. 
Since n is odd, //"-24^pfe-i-j _ q j^j, ,^y[ {_ Hence ^ gives an isomorphism 

p* : H"{V) ^ H'^iE) 

Now for the morphism i^;, : H'^{E) consider the following Gysin 
exact sequence 

(7) > H"+^''-^{X-E) ^ H'^iE) ^ i?"+2fe-2(X-£;) ^ . . . 

Since X - E^ P''-^ x (P"+'= - F), 

jjn+2k-2 _ ^-j _ ^n+2fe-2^pfe-2 ^ ^pn+fe _ Y)) 
fc-2 

= 0ij(«+2fc-2)-2»(p«+fe ^0 
1=0 

Hence, : H'"-{E) _ff"+2fc-2('j^^ jg surjective and hence we get the surjection 
— ^E* ° p2- Now lemma I^TT] implies that = is an isomorphism in this case. 

(Case 2) If = 21 is even ; then dH) gives that P2 ■ H"{V) — > H'^{E) is an 
injection. Since X - E P'^^^ ^ (p"+fe - y), we get 

fc-2 

jjn+2k-3 ^j^-^ _ ^?i+2fe-3^pfc-2 ^ ^pn+fe_-j^^'j _ Q'^ jj-(n+2fc-3) -2z j-pn+fc y^^ „^-^ _ q 

1=0 

Then Gysin exact sequence ([7]) implies that i^;^ : H^{E) H'^^'^'^^'^ {X) is injec- 
tive. Since = i^, op^, we get the injection c/)^ iE*°P2 ■ H^'iV) H"+'^''^'^{X). 
We show that the induced map (j) is also an injection in this case: Suppose (f>{a) = 0. 
Then 

(f>{a) e im[i*x : iJ«+2fe-2(pfe-i ^ p«+fe) ^ ^«+2fc-2(^)] 
where a G ff"(t/) which maps to a e H'f}{V). Let /3 £ 7j"+2fc-2(pfc-i ^ p"+fe) such 
that (/?) = (/)(a). We claim that /3 is a cycle in ijO(p'=-i) (g, ^n+2fc-2^pn+fc)^ 



^n+2fc-2(^) 




(ixO'iE)* 



^n^pn+fc^ ^n^pfc— 1 ^ pri+fc^ ^ ^n+2fc— 2^pfc— 1 ^ pn+fc^ 

By applying i*^ to 0(q:) = i*x{l3) G i/"+^''"^(X), we get 

(8) t*E{^ia)) ^ iyE.plia) ^ p;{a)Uck-iiNE/x) ^ iWxiP))) = («x°Z£;)*(/3) 
where the second equality comes from the self-intersection formula ([FJ pl03]). 



From the inclusions E ^ X 



jfc— 1 ^ Tpn+fc 



, we have 



— > i*E{Nx/pk-ixp^+k) NE/pk-is^pn.+k Ne/x ^ 
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Hence 

c(^_B/P'=-ixP"+'=) = c{i*E{Nx/pk-i^fr,+k)) ■ c{Ne/x) 

In particular, 

(9) Ck{NE/r 

= Cl(^^(A^x/p'=-lxP"+0) • Ck-i{NE/x) - iU[X]\x) [E]\e 

since X is a divisor in P'^^i x p"+'=^ where U^; is the cup product on E. Since 
the inclusion ix o ie : E ^ P'^-^ x P"+'= is actually (idpfc-i,iv) : P'^"^ xV ^ 
pfc-i y. pn+k^ have iV£;/pfc-ixP"+fc = P2(^y/P"+'') ^^^d hence 

(10) Cfc(A^B/p.-lxP" + =P2(Cfc(^y/P" + 0) e i/"(P^-l) ^ ^2fc(^) 

Now since X is an ample divisor in p^-i xP"+*\ [X] = [aH+bL] e i/2(p'^-i xP"+'^) 
where 7J(resp. L) is a hyperplane in P'''^^(resp. P"+'=) and a,b > such that ah ^ 0. 
Now by using ([4]), 

z|;([X]|x)UB[i?]|B = ^*Em\xy^x{E\) = ^*EmU^x^\{l)) 

= i|5i3f([a(i7 X 5) + 6(P'^-i X (5ni))]) 

e (ij2(pfe-i) ij2fe-2(^)) ^ (ij"(p'=-i) ij2fe(v-)) 

Then by dSl), (Uni), we have a = and hence \X\ = e H^i^^-^ x P"+'=). Set P 
be a hypersurface of degree h in P"+'= such that \X\ = [P*^^^ x P]. Since X contains 
E = p*:-! X V", we may assume that F C P. Then Ne/x = P2(^v/p)i ^'^d hence 

Cfe-i(^£/x) =p;(cfc-i(iVy/p)) e i/°(P'=-i)®i/2'=-'(y) 
Now, since e i?"(P'=-i) ® we have 

i*E^{a)^pl{a)\Jck-i{NE/x) e H\t''-^) ® R'^+^^-^V) 
Then by dH]), we have 

^|;0(a) = (zBO«x)*(/3) = (idp.-i,zt.)(/3) ei7"(P'^-i)®iJ"+2'=-2(V^) 

Hence /3 e iJ"(P'=-i) ij«+2fe-2(-pn+fc)^ 

Next note that by cupping with 7 = ^^-^ x 5], $ : i7"(P''-i x P"+'=) ^ 
jjn+2fe-2(pfc-i X p«+/c^ j^g^pg ^j^g Kiinncth component iJ*(P'=-i) ® 7J«-»(p«+fe) 
of i?"(P'=-i X P"+'=) to the Kiinneth component ® iy"+2/c-2-i(pn+fe) 

_^n+2fc-2(pfc-i X pn+fc) isomorphically Hence we have 77 G i/°(P'="i) iJ"(P"+fe) 
such that ?7U7 = $(7?) = (3. Now £ im[pr^ : ff"(P»+fc) ^ if"(pfc-i x P"+'=)] and 
we may consider r] G ffn^^n+k^ since is injective. Then by commutativity of 
diagram ([5]), we have 

(t)oiy{r]) ^ i*^ o <^ o pr^iv) ^i*x{v^l) = = </>(") 

Since is injective, we have a = iy{ri). Hence (j) is also an injection. Now by lemma 
12.11 we can conclude that : H'f}{V) H^+'^^-^{X) is an isomorphism. □ 
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3. Proof of Theorem 11.21 when n + k is odd 
Throughout this section, we assume that n + k = 2m + 1 . 

In order to prove theorem 11.21 we use the construction of O'GradvfO]. We give 
a brief outhnc of his construction here. For detailed construction, see [O] . 

Recall the diagram (jT]) and consider the projection pi : X ^ pfe-i g^jj(j recall 
that A is the discriminant variety, which is a smooth hypersurface in P'^"! by our 
assumption. In case when n + k is odd, for a general t e P'^~^, the fiber Pi^{t) ~ Qt 
is a smooth quadric of dimension n + k ~ \ = 2m in P"'+'=. Hence it contains two 
irreducible families of m— planes parametrized by and F^. Note that F^ = F^ 
and dim 

pi ^ m(m+i) j^g^ p ^j^g abstract variety to which is isomorphic 

for i = 1,2 and for any t. Let W he a. double covering of f''^^ branched over A 
and let a : W pfe-i ^j^g covering map. Set 

P^{McX \ pi{M) = t e P''-^ a point, p2{M) ^ P™ C P"+'=} 

Then there is a natural map : P ^ F''^'^ defined by ij{M) = _pi(M) G P''"^ 
Then the Stein factorization of ip is factored through W and get a composition 

■ P F''^^ 

and set 

r = {{M, x) e P X X \ X e M c X} 

- {{M,x)ePxX \pi{x)=pi{M)eF''-\ p2{x) ep2{M)^F"'} 

Let pri : r — > P and pr2 : F — > X be the projections. We summarize the construc- 
tion in the following diagram: 

F^ 




Note that for any w gW, 

f-'iw) = {M e X I pi(Af) = a{w),p2iM) - P" £ P"+'=} = {P™ C - F 

and for any M G P, 

pr-\M) = {{M,x) e P X X \ X £ M C X} 

- {xeX\pi{x)^ P,(M), p2{x) e P2{M) ^ P™} = P" 

Hence f : P ~* W is P— bundle and pri : F ^ P is P™— bundle. 
Now we give a proof of theorem 11.21 in case of n + fc odd. 

Proof of theorem when n + k is odd. Consider the morphism of Hodge struc- 
tures 

Pr2^ ■ i?n+2fc-2(F) Hn+2k-2{X) 

We show that pr2^ is a surjection. First note that pr2 : F ^ X is a surjection. 
Hence we can take an iterated hyperplane section Fi of F such that dimFi = 
dimX = n -f- 2fc — 2 and Fi surjects onto X. Let g — pr2\Ti '-Vi ~^ X . Then g is a 
generically finite map. Let j : Fi — > F be an inclusion. Then we have the following 
commutative diagram: 
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X 




where Ppi and Px are isomorphisms from Poincare duahty. Since 5* = pr2^ o j„, it 
is enough to show that is surjective, but it is clear since g* o g* — degg ■ id. 



Now since pri : F ^ P is 

^n+2fe-2(r) 



"'"—bundle, by Kiinneth formula we have 

m 



3=0 



= 0i/„+2fc-2-2,(P)(j) 

We claim that for each j, there is an isomorphism 

Hn+2k-2-2j{P) ^ (HriW) ^ H2s{F)) 

r+2s=n+2k-2-2j 

To show this, first note that we can use cohomology instead of homology since all our 
varieties considered are smooth. Let Uw C be a Zariski open set in W such that 
f~^{Uw) — Uw X F- Since F has a celluar decomposition fE], H^{F) are generated 
by algebraic cycles. Let ai, • • • , a/ be the algebraic cycles generating H^{F). i.e. 
there are algebraic subvarieties Zi , • • • ,Zi of F such that the fundamental classes 
of them are ai, a;. Let p : Uw x F ^ F he the projection to the second factor 
and consider the algebraic cycles p*{ai) in H*{Uw x F) which are supported on 
Uw X Zi for i = 1,2, Let /?, be the closures oip*{ai) in P for each i = 1, 
Then this gives the splitting of the restriction map H*{P) H*{F). So we may 
apply the Leray-Hirsch theorem [S] . Therefore we have 

H'i{P)^ {H'''{W)®H^''{F)) 

r+2s—q 

for any q. In particular, 

(11) jj2d-{n+2k-2-2j) ^p^ ^ ^^jj2d-{n+2k-2-2j)-2s ^T^y^ ^ H'^^ (F)) 

s 

where d ~ dim P. 

(Case 1) If n is odd (and hence k is even) : in this case, from (fTTj) we have 



H 



2d-{n+2k-2-2j) i 



(P) = H^-^{W)®H 



2(i-(n+3fc-3-2j) 



{F) 



for each j, since W is simply connected, H'^{W) = for all odd r such that 
r 7^ dim T4^ = fc — 1 , or equivalently 

Hn+2k-2-2jiP) = Hk-iiW) ® Hn+k-i-2jiF} = Hk-iiW)im - j)®'^ 
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where Ij = dim. Hn+k-i-2j{F). Therefore we have 

m 

ff„+2fe-2(r) - 0i?n+2fe-2-2,(P)(j) 

3=0 

m 

- {Hk-i{W){m - 3)'^'^) (j) = fffc_i(M/)(m)®^ 

3=0 

where N = X^JLo ^i' Thus, we have a surjection 
and by Poincarc duaUty, we get a surjection 

By choosing W to be the disjoint union of N copies of W and by composing with 
in theorem 12.21 we get a surjection 

e : H'''-^{W){-m + k - 1) ^ 

as we claimed. 

(Case 2) If n is even (and hence k is odd) : in this case, ((TT|) gives 

jj2d-{n+2k-2-2j)(^p^ ^ ^(i/2r(^|^^ ^ ^2d-(n+2fe-2-2j)-2r 
r 

for each or equivalently 

i^„+2fe-2-2j(P) - iH2s{W) ® ff„ 

s 

Therefore we have 

m 

Hn+2k-2{T) - 0i/„+2fc_2-2j(P)(j) 
m 

= 00(ff2.(W-) ®i?„+2fc-2-2,-2.(F)) (j) 



0ff2.(W^)® |^0i?„+2fc-2-2,-2.(F) I (j) 
0F2.(W^)(9.)^ 



^3=0 



where = »+2(fc^i) 2s ^ ^^"l^ dimi7„+2fc-2-2j-2s(-F')- Thus, we have 

surjection 

Recall that H'g'+^''^^ {X) = W+'^''-'^{X)/im i*^. Hence we get a composition of 
surjections 



a 
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Therefore, by composing with (p ^ from theorem 12.21 we get a surjection of Hodge 
structures 

e : ®sH^"iW)i-qs + k- 1)®'= H^iV) 

(Note that qs — k + 1 = . ) This completes the proof of theorem 11.21 in case 
when n + A; is odd. □ 



4. Proof of Theorem 11.21 when n + fc is even 

Throughout this section, we assume that n + k = 2m is even. 

Again we start by considering the projection pi : X ^ pfc-i diagram (fl]). 
Recall that the discriminant variety A is a smooth hypersurface of degree n + fc + 1 
in P''"! by our assumption. Set U = F''^'^ - A and let Xa = Pi^{^) and Xu = 



(12) 



Xa^ 
pi 
A^ 



X^ 

pi 



-'Xr. 



Pi 



j/c-l 



-A 



Note that for any t G A, Pi'^it) is a singular quadric in the family. Since we have 
assumed that A is smooth, a singular fiber is a cone through a 0— plane (i.e. a 
point) over a quadric of rank n + fc in p^+'^-i^ i.e. all singular fibers are cones 
over a smooth quadric Qt of dimension n + fc — 2 in P"+'=-i. For any t G A, we 
denote Pi^{t) = Ct b. cone with a vertex Ot. We can form a family of quadrics of 
dimension n + fc — 2 over A as follows: Let s : A ^ Xa be a section of pi defined 
by s{t) = Ot for any t G A. Let Yq be a general hyperplane section of Xa — s(A) 
and let Pi\yo : io ~* ^ be the obvious map. Let 1" be a smooth compactification 
of Yq . Then by using theorem by Hironaka, we may assume that the rational map 
F ^ A is actually a morphism. We denote this morphism by tt : F — > A. Then for 
a general t e A, 7r~^(t) = Qt a, smooth quadric of dimension n + fc — 2 in p^+'^-i. 



Y ■ 



■Xa' 



X 




Dk-1 



A A' 

Lemma 4.1. For any p 

HP{Xa) = HP-^{Y){-1) as Hodge structures 
Proof. Consider the Leray spectral sequence associated to the map pi : Xa — > A 

'EP' ^HP{A,R'JpuQ) HP+'J{Xa,Q) 
and one associated to the map tt : Y A 

"EP'^ = HP{A,R'^n,Q) ^ HP+^Y^Q) 

Since for any f G A, Ct is a cone through a point Ot over a smooth quadric Qt in 
P"+'''^\ we have 



= R'iPiW,), 



_ j-^2(n+fc-l)-g 



{pi\Y„)J^n-n-k + l) 



2(«+fe-l)-g 



'i-n-k + l)^ R'>-'^Ti^ 
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Hence we have 
and so 

HP+i{Xa) = HP+i-^{Y)i-l) 
as Hodge sturctures [A^. □ 

In particular, 

(13) H''+^''-^{Xa)=H''+^''-'^{Y){-1) 
Lemma 4.2. There is an injection of Hodge structures 

^ H'S+^'^-^ix) ^ 



Proof. From the top row of the diagram p2p , we have an exact sequence of mixed 
Hodge structures 

(14) > H''^+^*'-'^{Xu) ff"+2'=-2(X) ^ ^ . . . 

By using ([13]) and by taking the exact functor Gr^2fc-2' S^* 

(15) ^ Gr^2fc-2-ff"^"'"'(^i/) ^ ff"+'''"'(X) ^ iJ"+2'=-4(y)(-l) ^ • • • 
Consider the morphism pi : Xjj U and the Leray spectral sequence associated 

to it 

El'^ = Hl{U,WpuQ) => HP+^XuM 

Note that 

if q is odd 

^i?P(?7,Q) if (J is even 

since {R'^pi^Q)t — H'^{Qt,Q) and Qt is a smooth quadric of dimension n + k — 
l(odd). Also, we have 

^ H°{U) ^ H°{P''~^) ^ i/°(A) ^ iyi(t/) ^ 

ij2»-i(A) ^ H^'{U) i/2«(pfe-i) ^ i72»(^) ^ Hf+^{U) 

for 1 < i < fc — 2 and 

^^2fe-2(pfc-l) 

Now, since A is a smooth hypersurface in P*^'^^, by Lefschetz theorem we get 
W (F''-^) ^ W{A), for j < dim A = fc - 2 

Hence H'^^-'^{A) = and hence H^'iU) = Hf+^iU) = for i such that 2i < 
dimA — k — 2. By applying duality on H^^~^{A), we get Hl{U) = unless 
j = fc — 1 or = 2fc — 2. Hence the Leray spectral sequence degenerates at E2 and 
we have a short exact sequence 

Note that ^^i.'i+fc-i — ^fc-i,n+A;-i _ g gjj^pg 7^ _|_ /j is even. Hence we have 

(16) El^-^^'' ^ H'^'+^^-^{Xu) 

(Case 1) If n is odd : Then E^-^^'' = also and hence we have H'^+^^^'^ {Xu) = 
0. So (fTSjl gives an injection 

^ iJ'^+^'^-^^j^) ^ 
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(Case 2) If n is even : In this case, (|16|) gives 

by Lefschetz theorem. Hence, we can rewrite the exact sequence (fTS]) as fohows: 

Recall that H^+^^-'^{X) = H'"+^^-^{X)/im i*^ and note that im KnHJ^+^^-'^ {X) 
0: In fact, /i, can be factorized as 



^2fc-2^pfe-l-j ^n^pn-fc-jC 5^ ^?i+2fe-2 ^pfc- 1 ^ pn+fc-^ f ^ ^n+2fc-2 j^-j 

Hence im /i* C im i^fj a-nd we get an injection 

□ 

Now we have a family tt : K ^ A of quadrics of dimension n + k — 2 which is 
even, so we can form a double covering of A as in the construction of O 'Grady ([O]). 
For a general t S A, the fiber Qt, which is a smooth quadric of dimension n + k — 
2 = 2(m — 1), contains two —dimensional irreducible families F^,F^ of 

(to — 1)— planes [GHj . As in the case of n + fc odd, we can form the following 
diagram 



n+k-l 




where 

(1) P = {M CY \ 7Ti{M) = te Aa point, 7r2(M) ^ P'""! c r+k-^} 

(2) r - {iM,y) e PxY 1 7r(y) = 7r(M) G A,7r(j/) G 7r2(M) = P"-i C Q,(m)}, 
pri and pr2 are projections. 

(3) ?A : F A is a natural map defined by ip{M) = 7r(M) = t G A 

(4) f : P -^W is F-bundle and pri : T ^ P is P"-i -bundle, where F is the 
abstract variety such that F^ is isomorphic to it for i = 1 , 2 and t G A 

(5) (t:VF— >Aisa double covering branched over the discriminant variety Ai 
of the family tt : F ^ A. 

Lemma 4.3. There are surjections of Hodge structures 
(1) 

H''-^{W){-m+l) iJ»+2fc-4(y) ifn is odd 
where W is a disjoint union of finitely many copies of W , 

(2) 

0i72''(Ty)(-g,,)©'- ^ Hn+2k-i(^Y) ifn IS even 

r 

where q,. = "+2fc-4-2r ^ ^ dimiJ„+2fc-4-2i-2r(-F')- 
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Proof. First note that by using the same arguments in the proof of theorem 11.21 in 
the case of n + k odd, we can show that 

(17) pr2^ ■■ Hn+2k-4{T) Hn+2k-4:{Y) 

is surjective and 



ff„+2fe-4(r) = 0(i/„+2fc-4-2,(P)«'if2j(r"-l)) 
3=0 

rn— 1 

= 0ff„+2fe-4-2,(P)(j) 



rn— 1 

= 0(^n+2fe-4-2,-2s(W^) ® H2s{F)){j) 
j=Q s 

(Case 1) If n is odd : In this case, n + 2fc — 4 — 2j — 2s is odd. But Hr{W) is 
zero for an odd number r unless r = fc — 2 = dim W. Hence we have 

-ff„+2fc-4-2j(-P) = Hk-2{W) Hn+k^2^2j{F) = Hk-2{W){m - 1 - j)®'^ 

where Ij = diinHn+k-2-2j{F). Thus we have 



i/„+2fc-4(r) = ^H,_2mirn-l-jr'^U) 

j=o 

771 — 1 

= if,._2(iy)(m - 1)®'^ = Hk-2{W)im - 1) 



where N — X^jLo 'i- Hence by (fT7|) and using Poincare duahty, we get a surjection 

By setting to be a disjoint union of N copies of W^, we get the desired surjection 
in this case. 

(Case 2) If n is even : In this case, n + 2fc — 4 — 2j is even. Hence we have 

Hn+2k-4-2j{P) = ^{H2s{W)^Hn+2k-4-2j-2s{F)) 
s 

Thus we have 

m—l 

i?„+2fc-4(r) = 0F„+2fe-4-2j(P)(j) 

= ( 0(^2.(VF) ® iy„+2fe-4-2,-2.(i^)) J (j) 
'm — l 



0i?2.(W^) ® 1^0 i^„+2fc-4-2,-2s(^^) I (j) 
0i/2.(W^)(g.)^ 



J=0 
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where (?, = "+'^,^-'^ and 1, = E™=o' dimi/„+2fe-4-2j-2s(i^). Hence by ^ and 
using Poincare duality, we get a surjection 

in this case. □ 



We can summarize lemmas 14.21 and 14.31 in the following diagram: 
(18) 

H*{W) 

where with the notation in theorem 14.31 

j H''-^{W){-m) if n is odd 

\0r-H^^'^W(-'7r - 1)®'"^ if n is even 

and e : H*{W) H"+'^''-^{Y){-l) is the surjection in lcmma[ 



To finish the proof of theorem 11.21 in this case, we need to lift the surjection 9 
to a surjection onto H'^^'^^^'^{X). In order to do that, we construct a section sjj 
of "02 in geometric way. Following two lemmas will lead us the desired section sjj- 

Lemma 4.4. There is a decomposition 

'^fc-2(^^^n+fc-2j^_^(Q) if n is odd 

^H''-^A,R^+''-^7:,Q)(S®lzl^^!^{ap®l3p)Q if n is even 
where ap (resp. (ip) is an algebraic cycle generating H^p (A) (resp. H'"'^'^''^^^'^P(Qt)). 
Proof. Consider the Leray spectral sequence associated to the map tt : Y ^ A. 

=i?P(A,i?%,Q) ^ HP+''{Y,Q) 

Note that 

{0 if either q is odd or p is odd, p = fc — 2 

HP{A, Q) if p is even and q is even, q^n + k-2 

HP{A, i?"+'=-27r,Q) if p is even and q = n + A: - 2 

where (i?"+'"'7r*Q)f = for i G A. Then the spectral sequence degenerates at £2- 
Let F' be the filtration on H"+'^I'-^(y'^ obtained from the spectral sequence. Then 
for each p = 0,l,...,2(fc — 2) we have a short exact sequence 

(20) ^ FP+i -,FP Gr^i7"+2'=-''(r) 

where 

Qj.P_^n+2fc-4(y) = EP^^+^^-'^-P = iJf(A,i?"+2'=-4-p^^Q^ 



(Case 1) If n is odd (and hence k is odd): then n + 2fc — 4 is odd. Hence £^2^ — 
unless (p, (?) = (fc — 2, rt + fc — 2). Hence we have 

(21) jjn+2k-A^Y) ^ H^-'^{A, i?"+'=-2^,Q) 
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(Case 2) If n is even (and hence k is even): then 71 + 2fc — 4 is also even. Note 
F^P~^ — F^P from (fT9|) . Hence we may write above sequence as 

(22) ^ ^ F^P Gr^''if"+2^-4(y) ^ 

First by using descending induction on p, we show that for p such that fc — 2 < 
2p < 2{k — 2) there is a natural splitting of exact sequences ([22|) such that 

F^P ?i ® Gr^^'i7"+2'=-4(y) 5^ (a/ ® /3/)Q 

/=P+i 

where a; is an algebraic cycle generating _ff^'(A) ~ Q and /?/ is an algebraic cycle 
generating if"+2fe-4-2/(-g^-)(-_;^) q 

If 2p = 2(/c-2), then 

p2(k-2) ^ Qj.2(*:-2)^„+2fc-4j-y^ _ ^2(fe-2),n 

where afe_2(resp. /?a:-2) is an algebraic cycle generating H^'-'^^^^A) = Q (resp. 
H"{Qt) — Q)- Now suppose k — 2 < 2p < 2{k — 2) and consider the short exact 
sequnce Since 2p > k - 2, dim H^p (A) = dimi7"+2'=-4-2p(Qj) = 1^ hence 

we can choose an algebraic cycle ap (resp. (3p) which generates H'^p{A) (resp. 
^n+2fe~4-2p(-Q^)) and hence 

= (ap /3p)Q 
and by induction hypothesis F'^p^'^ has a decomposition 

/c-2 

F^P+^= (aj®/3j)Q 
/=P+i 

with a basis Bp+i ~ {ap+i ® Pp+i, cek~2 ® Pk-2}, where a; and f3i are algebraic 
cycles. Let Bp = {vp, ap+i (g)/3p+i, afe_2 ® Pk-2} be a basis of extending the 
basis Bp+i. Then t2p{vp) = qp{ap ® (3p) for some nonzero qp G Q. Define 

sp : Gr^fH"+2'=-4(y) ^F^P 

by Sp(Q;p(8)/3p) = '^'^v Then Sp is a section of tp and hence we have a decomposition 

fc-2 

F^P - © Gr^PiJ"+2^-4(y) = (az A)Q © Sp(ap ® /3p)Q 

i=P+i 

with a basis Bp = {ap ® I3p,ap+i ® /3p+i, ...,afc_2 (8) /3fc-2} of by identifying 
dp ® Pp with its image under Sp. 

Now for splitting for 2p < fc — 2 in the exact sequence , the argument is same 
as the case when 2p > fc-2, since Gi^/ H''+^''-^{Y) = H^P{A)(g,H"+'^''-'^-^P{Qt) = 
Q. Hence we can choose a natural splitting of each exact sequence and get a 
decomposition 

fe-2 

(23) ^^fe-2(A^^«+fc-2^^(Q)^ (^ap<»(3p)Q 

□ 
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Lemma 4.5. Let L be the subspace of H^^^'^ ^(F) generated by {ap ® Pp \ p = 
0, ...,^,...,fc-2}. Then, 

where 1. is the orthogonal complement with respect to the cup product on 
Proof. First we show that 



deg A iii+j^k-2 



Since 

(tti (g) (3i) U {aj ®fij) =0 for i+j ^ fc — 2. For i + j = fc — 2, we observe a^, (ii closely. 
Note that for any i ^ cti — h\ where h\ £ H^'^{A) is a class corresponding to 
an iterated hyperplane section of A of codimension i. For f3i, let 11 S H'^^^~'^{Qt) 
be a class corresponding to P~t C Qt and H"^ G H^^{Qt) a class corresponding 
to an iterated hyperplane section of Qt of codimension r. Note that 11 can be chosen 
in either families or of P 2 contained in Qf ([R )■ Then, 



f3^ 

Then for i + j = fc + 2, 



iJ 2 if ^ > 



[tti (g) A) U {aj (g) = deg A 

Now we show L D L-^ = 0. Let 7/ = J2'i-o i^!^ Ci{ai ® Pi) £ L fl . Then, we 
have Ci • deg A = for any i ^ Hence 77 = 0. Hence 

Hence we get 

H''~^{A,R"'+''~^Tr^Q) = 

□ 

From the above lemmas, we have an injection 
(25) h : H''-^{A, i?"+'=puQ) H''+^''-^{Xa) 

We refer the diagram (fT8| for the following lemma. 
Lemma 4.6. There is a section defined in geometric way 

: Grf+2fc-2^r''"'(^t/) - i?"+''=-^(r)(-l) 

Proof. First recaU i?"+2''-4(r)(-l) H''+^''-^ {X a) and V2 is the connecting 
homomorphism in the exact sequence of mixed Hodge structures (|14l) 

. . . ^ i/«+2fc-2(X) ^ i/»+2fe-2(XA) ^ Grf+2fe_2i?:^+^''-l(Xc/) ^ 
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As in the proof of lemma 14.21 we can show that the the Leray spectral sequence 
associated to pi : Xjj — > U gives rise to an exact sequence 







By taking the exact functor Gr^2fc-2' S^t an isomorphism 



I : Gr, 



w 



h2fc-l/ 



since ^;^-2."+i ^ iy2fe-2(-[^>)(-_n±i) ^ iy2fe-2(-pfe-i)(_«±i) is a pure Hodge struc- 
ture of weight n + 2fc — 2, if n is odd and if n is even. Hence we have a following 
commutative diagram: 



(26) 



iJ"+2'=-2(XA) 
h 



n-\-k 



pi. 



„w 



where /i is the injection of (Uni) and (5 : H^~'^{A,K'+^piM ^ Gr]^^^H^-^{U) (-^) 
is the connecting homomorphism of long exact sequence induced by a short exact 
sequence of sheaves on P*^"! 

^ j!(^"+VlQ)|a ^ i?"+V,Q ^ «A,(i?"+'puQ)|A ^ 

where j : U ^ pfc-i g^^^^ 

iA : A P*^-! are inclusions. Hence in order to choose a 
section of ^^2, it is enough to construct a section of S. 

Note that (i?"+'=PuQ)t = t e A and i?"+'=puQ|(7 = Qc/ is the constant 

sheaf. Let G be the monodromy group of i?"+Vi,Q|A. Then -R"+'=puQ|g = Q 
is a subsheaf of i?"+''pi^(Q)|A and let i?"+Vi*QlA ^ -R"^Vi»Q|a be an injection. 
Let 

s : za*(-R"+'pi*Qa) ^ «a,(-R"+'pi*Qa) 
be the induced map. Then there is a sheaf s* {R'^'^''pl^,Q) on P'^"! which fits into 
the following commutative diagram: 



0' 



■j,(^"+ViQ|t/) 



■s*(i?"+*pi 



0- 



■j!(^"+VlQ|l/) 



Pi, 



■*A*(i?"+Vi*Q|g) ^0 



*a*(-R"+Vi*Q|a) ^0 



From this, we get a commutative diagram 



,^fe-2(pfe-l^^«+fep^^ 



i.e. 



(27) 

Now from the exact sequence 



Si ~ 5 o s 



Gr^_,HtHU)^0 



^fe-2(pfc-2) % ^fe-2(^) GrY_^H^-\U) ^ 
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we have an isomorphism 

hence we can choose a natural section si : GrY_2Hc~^{U) iJ'^~^(A) of 5i : 
iffc-2(A) ^ Grf^^H^-^{U), i.e. 5i o si = id. Then from ^ we get a section 
s o si of 5. By combining aU these, we get a commutative diagram: 



H'=-2(A,i?"+Vi,' 

•t 



4= 



Grr_,iJ,^-i(C/)(-^) 



Set 
then 



Su = ho so s\ol 



■ip2 ° su = ip2 o {h o s o si o I) ^ I ^ o [S o s o si) ol ~ I -'^ o ^ = id 
Hence sjy is a section of 



□ 



Proof of theorem IJ.gl when n + k is even. Now we finish the proof of the Theorem 
11.21 in case when n + k is even. Recall the diagram (fT5)) 



iJ, 



n+2fc-2 




H 




n+2fc-4 



where sij is the section of "02 constructed in lemma l4!6l 
Let 

Q = e-suo'ijj2oe: H*{W) H'''+^''-\Y){-1) 
First note that -02 ° © = 0: In fact, 

■02 O B = ?A2 O — 5(7 O -02 O 9) 

— -02 00 — 0;2°SC/°02O^ = '02°^~'02°^ = O 

■02 a 

since 0i is an injection. 



Hence im Q C ker -02 and we may consider that Q is mapped into H^^^^ ^(^) 



H*{W) 



& = 9 — SuOTp20. 




■02 
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Now we show this map is in fact a surjection. Let a G H^^'^'^ '^i^)- Since ipi is 
an injection we may identify a with tpi^a). Then there is /3 G H*{W) such that 
0iP) = V'i(a). Then 

e(/3) = {0-su 0^20 em 

= 9{/3) - su oip2° d{f3) = V'i(a) - su o'4!2° "01 (a) = "ipiia) = a 
Hence we have a surjection 

e : H*{W) ^ H'^+^''-^{X) 

as we claimed. This finishes the proof of theorem 11.21 □ 
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